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Abstract
The recent papers arXiv:1110.0971 and arXiv:1201.5431 have provided a super-
field description for vector-tensor multiplets and their Chern-Simons couplings in 4D
N = 2 conformal supergravity. Here we develop a superform formulation for these
theories. Furthermore an alternative means of gauging the central charge is given,
making use of a deformed vector multiplet, which may be thought of as a variant
vector-tensor multiplet. Its Chern-Simons couplings to additional vector multiplets
are also constructed. This multiplet together with its Chern-Simons couplings are
new results not considered by de Wit et al. in hep-th/9710212.
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1 Introduction
The vector-tensor (VT) multiplet [1, 2] is an off-shell representation of N = 2 su-
persymmetry with central charge, similar to the Fayet-Sohnius hypermultiplet [3, 4]. Its
physical fields consists of a real scalar, a vector and an antisymmetric gauge field and a
doublet of Weyl spinors. The multiplet may be viewed as a dual version of the N = 2
1
Abelian vector multiplet, obtained by dualizing one of the two physical scalars of the
vector multiplet into a gauge two-form. However they have different auxiliary fields: a
real isotriplet for the vector multiplet and a real scalar for the VT multiplet. From the
point of view of N = 1 supersymmetry, the VT multiplet consists of a vector and a tensor
multiplet [5].1 On the other hand, the N = 2 vector multiplet decomposes into a sum of
a vector and a chiral multiplet.
Interest in the VT multiplet was revived in the mid-1990s [7], when its significance
in the context of string compactifications was realized. In rigid supersymmetry the VT
multiplet and its nonlinear version discovered in [8, 9] have become the subject of various
studies in components [8, 9] and in superspace [10, 11, 12, 13, 14, 15, 16]. In particular,
a general harmonic superspace formalism for rigid supersymmetric theories with gauged
central charge was developed in [16].
An exhaustive analysis of VT multiplets and their Chern-Simons couplings to vector
multiplets in supergravity was given in [17], with the use of superconformal tensor calculus.
As pointed out by the authors of [17], a superfield formulation was desired due to the
complicated structure of their component results. Such a superfield formulation has only
appeared recently in [6, 18], after suitable superspace formulations for N = 2 conformal
supergravity were developed [19, 20].
In [6] the rigid supersymmetric results of [16] were extended to conformal supergravity
within the superspace formulation of [19]. This work presented two different sets of
consistent constraints for the VT multiplet, the linear and non-linear versions constituting
the two inequivalent cases of [17]. In principle the superspace formulation of [19] is
sufficient to describe the VT multiplet, however it turned out that the superconformal
formulation of [20] has a covariant derivative algebra that is simpler to work with, although
it possesses a more complex structure group, SU(2, 2|2). It provides a direct link to the
methods of superconformal tensor calculus used by [17]. In fact, Ref. [18] has made use
of this formulation to lift the results of [17] to superspace, recast them in a simpler more
symmetric form and verify that the results in [6] describe the two inequivalent cases.
However, the geometric origin of the constraints remains obscure.
In our opinion, a more geometric approach is to develop a superform description
for the VT multiplet by requiring its gauge one-form and two-form to be component
projections of gauge superforms. The key difference with other superspace approaches
is that it makes manifest the existence of two gauge fields (the one-form and the two-
form), without the need to go to components. It should be mentioned that superform
1See also the recent paper [6] for a discussion in AdS.
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formulations for the VT multiplet (and its Chern-Simons couplings) have been explored in
[10, 11, 13], where a complex central charge was used in flat central charge superspace to
describe the original VT multiplet.2 In Ref. [10] a geometric description of the one-form
was achieved through a basic complex spinorial superfield, W iα, constrained to yield the
appropriate component structure. An alternative description in terms of 2-form geometry
was given in [11, 13] , where the basic superfield L describing the VT multiplet appeared
explicitly in the construction and was constrained similarly. Although this approach has
lead to a description of the basic VT multiplet in flat superspace, a superform description
for the VT multiplet models of [17] still remains.3
This paper fills the gap in understanding of the geometric origin of the constraints
found in [18]. We provide a superform formulation, differing from the formulations of
[10, 11, 13] on some points. Firstly we employ a gauge one-form and two-form interacting
via Chern-Simons couplings. Secondly we use a real central charge, which is sufficient for
all known applications. A remarkable property of this formulation is that it allows the
superfield constraints of [18] to be derived entirely from simple superform constraints.
This paper is structured as follows. Section 2 provides a discussion of how to gauge
a real central charge in N = 2 conformal supergravity and the basic superform struc-
ture that will be used in the paper. Section 3 includes a discussion of the VT multiplet
constraints in supergravity and gives its superform description in terms of one-form and
two-form geometry, deriving the constraints for the VT multiplet from the Bianchi iden-
tities. The superform formulation turns out to be very powerful and in section 4 it will be
seen that there is a possibility of gauging the central charge with a gauge potential with
non-trivial action under the central charge. This leads to a new one-form and two-form
formulation, providing one with constraints that describe a new locally supersymmetric
multiplet with Chern-Simons couplings to vector multiplets. The simplest case reduces
to the VT multiplet discovered by [24, 25] in flat superspace.
Some technical appendices are also included. Appendix A contains a summary of the
conformal supergravity formulation of [20]. Appendix B contains a useful note on solving
Bianchi identities. A brief discussion of a 5D interpretation for central charge superspace
is presented in appendix C. Our notations and conventions follow those in [26] (and are
summarized in [18]).
2See also [21] for a description of a particular VT multiplet in supergravity with the use of “radical
constraints”.
3See however, [22, 23] for an alternative approach using Free Differential Algebra.
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2 Gauging the central charge with a vector multiplet
In this section we review how to gauge the central charge in conformal supergravity
and describe gauge p-forms possessing central charge transformations.
2.1 Setup
We will use the superspace formulation for N = 2 conformal supergravity developed
in [20] as reformulated in [18] (see appendix A). To gauge the central charge we use a
standard N = 2 vector multiplet introduced via gauge covariant derivatives
∇A := ∇A + VA∆ , (2.1)
where VA is the gauge connection for the vector multiplet and ∆ is a real central charge.
We require that the central charge obey the Leibniz rule and commute with the covariant
derivatives
[∆,∇A] = [∆,∇A] = 0 , (2.2)
which requires VA to be annihilated by the central charge, ∆VA = 0. The gauge-covariant
derivative algebra is then
[∇A,∇B} = TAB
C
∇C + FAB∆+
1
2
RAB
cdMcd +RAB
klJkl
+ iRAB(Y )Y +RAB(D)D+RAB
CKC , (2.3)
where the torsion and curvature remain the same as those of ∇A, and F =
1
2
EBEAFAB
is the field-strength for the gauge connection, V = EAVA,
F = dV , FAB = 2∇[AVB} − TAB
CVC . (2.4)
The presence of the one-form potential in the gauge covariant derivative algebra leads to
the Bianchi identity for the field strength
dF = 0 , ∇[AFBC} − T[AB
DF|D|C} = 0 . (2.5)
We then impose at mass dimension-1 the standard vector multiplet constraints [27]
F iα
j
β = −2ε
ijεαβZ¯ , F
α˙
i
β˙
j = 2εijε
α˙β˙Z , F iα
β˙
j = 0 , (2.6)
where Z is a primary superfield with dimension 1 and U(1) weight −2,
KAZ = 0 , DZ = Z , Y Z = −2Z . (2.7)
4
The Bianchi identities may then be solved giving
Fa
j
β =
i
2
(σa)β
γ˙
∇¯
j
γ˙Z¯ , Fa
β˙
j = −
i
2
(σa)γ
β˙
∇
γ
jZ , (2.8a)
Fab = −
1
8
(σab)αβ(∇
αβZ + 4W αβZ¯) +
1
8
(σ˜ab)α˙β˙(∇¯
α˙β˙
Z¯ + 4W¯ α˙β˙Z) , (2.8b)
where Z is a reduced chiral superfield
∇¯
i
α˙Z = 0 , ∇
ijZ = ∇¯
ij
Z¯ , (2.9)
and we define
∇
ij :=∇α(i∇j)α , ∇¯
ij
:= ∇¯
(i
α˙∇¯
j)α˙
. (2.10)
We note the following useful identity:
∇
i
α∇
j
β =
1
2
(εαβ∇
ij − εij∇αβ)− ε
ijεαβZ¯∆+ ε
ijεαβW¯γ˙δ˙M¯
γ˙δ˙
−
1
4
εijεαβ∇¯γ˙kW¯
γ˙δ˙S¯k
δ˙
−
1
4
εijεαβ∇γδ˙W¯
δ˙
γ˙K
γγ˙ . (2.11)
In what follows we may also make use of additional abelian vector multiplets, W,
which are described by a similar two-form field strength with the same constraints except
with Z replaced with W.
2.2 Supergravity transformations and superforms
The supergravity transformations are realized on the gauge covariant derivatives as
δK∇A = [K,∇A] ,
K = KC∇C +
1
2
KcdMcd +K
klJkl + iKY Y +KDD+K
AKA + C∆ , (2.12)
where gauge parameters satisfy natural reality conditions. Given a primary tensor super-
field U (with suppressed indices), its supergravity transformation is
δKU = KU . (2.13)
From the local central charge transformation, parametrized by C, we can deduce the
central charge transformation of VA
δC∇A = [C∆,∇A] ⇔ δCVA = −∇AC , ∆C = 0 .
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Associated with the gauge covariant derivative ∇A is the gauge covariant exterior differ-
ential
∇ = d + V∆ , V = EAVA . (2.14)
In addition to V with the property ∆V = 0, we introduce a new gauge one-form,
V = EAVA which is not annihilated by the central charge, ∆V 6= 0. We define the
transformation law of V to be (compare with [17])
δV = C∆V + dΓ , ∆Γ = 0 , (2.15)
with Γ the gauge parameter associated with V. The field strength
F :=∇V (2.16)
transforms covariantly
δF = C∆F . (2.17)
The one-form geometry for a vector multiplet may be thought of as a special case of the
above formulation.
Similarly we may introduce a gauge two-form, B = 1
2
EBEABAB, and its three-form
field strength, H , defined by
H :=∇B − ηV∇V , (2.18)
where the coupling constant, η, can be used to couple the one-form to the two-form.4 We
define the transformation law of B to be (compare with [17])
δB = C∆B + ηΓdV + dΛ , ∆Λ = 0 , (2.19)
where Λ generates the gauge transformation of B. The field strength, H , transforms
covariantly
δH = C∆H . (2.20)
The Bianchi identities for the field strengths introduced are
∇F = F∆V , ∇H = F (∆B + ηV∆V)− ηFF . (2.21)
A remarkable feature of this superform structure (which reduces in components to the
results of [17]) is that it is possible to rewrite it formally by treating the central charge
4The case of coupling to a number of one-forms as well as the special case where some of them are
vector multiplets is straightforward.
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as a covariant derivative with respect to an additional bosonic variable, z. To see this we
first note that the condition (2.2) allows us to write
∆F =∇(∆V) , ∆H =∇(∆B)− η∆V∇V − ηV∇(∆V) . (2.22)
Now the superform equations (2.21) and (2.22), when written in terms of Lorentz indices,
may be grouped together with the introduction of calligraphic index labels, i.e. A = (A, z),
where z is thought of as corresponding to the central charge. Making the identifications
FzA := ∆VA , HzAB := ∆BAB + 2ηV[A∆VB} ,
TAB
z := FAB , TAz
B = 0 , ∇z := ∆ , (2.23)
we may extend the Bianchi identities (2.21) and the additional equations (2.22) to
∇[AFBC} − T[AB
DF|D|C} = 0 ,
∇[AHBCD} −
3
2
T[AB
EH|E|CD} +
3
4
ηF[ABFCD} = 0 . (2.24)
These equations appear as 5D Bianchi identities and a brief discussion of their 5D inter-
pretation is given in appendix C. This 5D form involving calligraphic indices and with
the identification made will be used in the next section for the VT multiplet, where we
refer to them as the Bianchi identities for the one-form and two-form respectively.
3 Vector-tensor multiplet in supergravity
In this section we introduce the VT multiplet via its superfield. Making use of the
superform formulation of the previous section, we will show that the superfield constraints
follow from simple constraints on the one-form and two-form geometry.
3.1 Vector-tensor multiplet
The general superfield construction of [18], which agrees with the component construc-
tion of [8, 9, 17] is described in terms of a scalar superfield, L. It must be coupled to the
central charge vector multiplet, Z but can also interact with a number of additional vector
multiplets, WI with I = 2, · · · , n. It was noted in [18] that the superfield constraints on
L may be written in a symmetric form in terms of
Y Iˆ = (L, Y I) , Iˆ = 1, · · · , n , (3.1)
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where Y I is the imaginary part of WI/Z
Y I :=
1
2i
(WI
Z
−
W¯I
Z¯
)
. (3.2)
The superfield L satisfies three constraints. The first constraint may be written as
∇
(i
α∇¯
j)
β˙
Y Iˆ = −∇¯
(j
β˙
∇
i)
αY
Iˆ = 0 , (3.3)
where the constraint for Iˆ = 2, · · · , n just follows from the chirality of WI and Z.
The second constraint is
0 =∇ij(ZY Iˆ) + ∇¯
ij
(Z¯Y Iˆ)− Y Iˆ∇ijZ , (3.4)
where the constraint for Iˆ = 2, · · · , n follows from Bianchi identities satisfied by Z and
W. An interesting note made in [6, 18], as a generalization of an observation in [16], was
that the second constraint may be motivated from the first by considering a consistency
condition. To see this we make use of harmonic variables u+i and u−i = u
+i (normalized
by u+iu−i = 1), and demand L to be independent of the harmonics
∇
−−L = 0 , (3.5)
where ∇−− = u−i ∂/∂u+i is one of the left-invariant vector fields on SU(2). Applying
successive gauged central charge covariant derivatives,
∇
±
α := u
±
i ∇
i
α , ∇¯
±
α˙ := u
±
i ∇¯
i
α˙ , (3.6)
to the above condition and using the (anti-)commutation relations for the covariant deriva-
tives gives the consistency requirement
0 =∇α+∇+α∇¯
+
α˙∇¯
α˙+
D−−L
= D−−∇α+∇+α∇¯
+
α˙∇¯
α˙+
L+ 8i∇αα˙∇+α∇¯
+
α˙L
− 2∇α−∇+α∇¯
+
α˙∇¯
α˙+
L− 2∇¯
−
α˙∇¯
α˙+
∇
α+
∇
+
αL
− 4∆
(
(∇+)2(ZL) + (∇¯
+
)2(Z¯L)−
1
2
L(∇+)2Z −
1
2
L(∇¯
+
)2Z¯
)
. (3.7)
This restricts the constraints possible for L. Imposing the first constraint leads one to
consider the constraint
0 =∆
(
(∇+)2(ZL) + (∇¯
+
)2(Z¯L)− L(∇+)2Z
)
, (3.8)
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which is clearly satisfied by the second constraint (3.4).
As we will see the first two constraints are enough to guarantee the existence of a
gauge one-form, they do not however imply the existence of a gauge two-form. The gauge
two-form requires a third and final constraint. This constraint was found in [18] to be
0 = ηIˆ JˆG
Iˆ Jˆ ij , (3.9)
where the quantities GIˆ Jˆ ij are defined by
GIˆ Jˆ ij := iZ∇α(iY Iˆ∇j)α Y
Jˆ +
i
4
ZY Iˆ∇ijY Jˆ +
i
4
ZY Jˆ∇ijY Iˆ
+
i
2
Y Iˆ∇α(iY Jˆ∇j)αZ +
i
2
Y Jˆ∇α(iY Iˆ∇j)αZ + c.c. , (3.10)
and the numeric coefficients ηIˆ Jˆ are given by
5
ηIˆ Jˆ =
(
η11 η1I
0 ηIJ
)
, ηIJ = ηJI . (3.11)
The observation that the constraints for L can be rewritten entirely in terms of Y Iˆ
highlights the observation made in [9]. That is, that there exists a symmetry in the
constraints. Furthermore, it is possible to make redefinitions of L
L′ = L+ cIY
I , (3.12)
where cI is some real constant, that leave the constraints of the same form (with redefined
η parameters). In [18] this was used to show that the non-linear case with Chern-Simons
terms (η1A = 0) may be taken as the general case.
It is worth noting that the quantities GIˆ Jˆij are related to the Lagrangian for the VT
multiplet [18].6 On their own they represent a composite linear multiplet, being primary
and satisfying the condition
∇
(i
αG
IˆJˆjk) = 0 . (3.13)
They correspond to a total derivative in the action. In fact, they are generated from the
general VT Lagrangian in [18] via constant shifts in the real part of WI/Z.
5This choice of η
IˆJˆ
matches those of [17].
6Compare to the linear multiplet for the vector multiplet in 5D N = 1 superspace [28].
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3.2 Gauge one-form
In order to describe the one-form contained in the VT multiplet, we will make use
of the one-form formulation introduced in subsection 2.2. The field strength, F , for the
gauge one-form, V, is constrained by the Bianchi identity
∇[AFBC} − T[AB
DF|D|C} = 0 , (3.14)
with the identifications defined in subsection 2.2. Inspired by the vector multiplet, we
impose the constraints
F iα
j
β = 2iεαβε
ijZ¯L , F α˙i
β˙
j = 2iε
α˙β˙εijZL , F
i
α
β˙
j = 0 , (3.15)
where the central charge vector field, Z, is used to absorb the dilatation and U(1) weight
of the superfield L, which we only assume to be real. The Bianchi identities then lead to
the constraints on L,
∇
(i
α∇¯
j)
α˙L = 0 ,
∇
ij(ZL) + ∇¯
ij
(Z¯L)− L∇ijZ = 0 . (3.16)
The remaining components of F are found to be
Fz
i
α = −i∇
i
αL , Fz
α˙
i = i∇¯
α˙
i L ,
Fa
j
β = −
1
2
(σa)βα˙(2Z¯∇¯
α˙j
L+ L∇¯
α˙j
Z¯) , Fa
β˙
j = −
1
2
(σ˜a)
β˙α(2Z∇αjL+ L∇αjZ) ,
Fab = −
i
4
(σab)
αβ(∇αβ(ZL) + 4LFαβ)−
i
4
(σ˜ab)
α˙β˙(∇¯α˙β˙(Z¯L) + 4LF¯α˙β˙) ,
Faz = −
1
8
(σa)γγ˙ [∇
γk, ∇¯
γ˙
k]L . (3.17)
After having derived the components given above, the final Bianchi identities7
∇αFaz = −∇aFzα −∆Fαa + Tαa
β˙Fβ˙z ,
∇γFab = −2∇[aFb]γ + Tab
βFβγ + FabFzγ + 2Tγ[a
γ˙Fγ˙b] + 2Fγ[aFzb] ,
∆Fab = −2∇[aFb]z + Tab
γFγz + Tab
γ˙Fγ˙z ,
∇[aFbc] = T[ab
γFγc] + T[ab
γ˙Fγ˙c] − F[abFc]z , (3.18)
7We use the shorthand α = iα and β˙ =
β˙
j .
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can be seen to be identically satisfied by making use of the following consequences of the
constraints (3.16) (see also appendix B):
∇
i
α∇¯
j
α˙L = −
1
4
εij[∇kα, ∇¯α˙k]L+ iε
ij
∇αα˙L ,
∇¯β˙kFαβ =i∇¯β˙kLFαβ −
1
2
∇(αβ˙(2Z∇β)kL+ L∇β)kZ) +
i
2
∇(αkZFβ)β˙,z
+
i
2
Wαβ(2Z¯∇¯β˙kL+ L∇¯β˙kZ¯) ,
∇
i
α∇
k
β∇¯β˙kL = −4εαβZ¯∆∇¯
i
β˙L− 4εαβW¯α˙β˙∇¯
α˙i
L . (3.19)
We have constructed a one-form that is expressed in terms of the basic superfield L.
The geometry uncovered clearly highlights the relationship of the first constraint (3.3) and
second constraint (3.4) for the VT multiplet with the one-form in the theory, ensuring its
existence.
3.3 Gauge two-form
To describe a general VT multiplet coupled to several vector multiplets, WI , we make
use of a straightforward generalization of the two-form construction presented in subsec-
tion 2.2, by coupling corresponding gauge one forms, V I , to the two-form, B. Denoting the
set of one-forms by V Iˆ = (V, V I) and their corresponding field strengths by F Iˆ = (F , F I),
the three-form field strength is now defined by8
H =∇B −
1
2
ηIˆ JˆV
IˆdV Jˆ , (3.20)
with ηIˆ Jˆ given by (3.11). It follows that H obeys the Bianchi identity
∇[AHBCD} −
3
2
T[AB
EH|E|CD} +
3
4
ηIˆ JˆF
Iˆ
[ABF
Jˆ
CD} = 0 , (3.21)
with the identifications discussed in 2.2 and with F IzA = ∆V
I
A = 0. We then impose the
constraints
Hαβγ = Hα˙β˙γ˙ = Hαβγ˙ = Hαβ˙γ˙ = 0 ,
Haβγ = Haβ˙γ˙ = 0 , Ha
j
β
γ˙
k = −2iδ
j
k(σa)β
γ˙H˜ , (3.22)
8This definition reduces in components to those of [17]. Its generalization to a number of VT multiplets
is straightforward.
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where H˜ is only assumed to be a real superfield. The Bianchi identities lead to an
additional constraint on L
ηIˆJˆG
Iˆ Jˆ ij = 0 , (3.23)
and constrain the lower mass-dimension components to be
Hz
i
α
j
β = εαβε
ijZ¯
(
η11L
2 + iη1I
W¯I
Z¯
L− ηIJ
W¯IW¯J
Z¯2
)
≡ εαβε
ijZ¯H ,
Hz
α˙
i
β˙
j = −ε
α˙β˙εijZH¯ , Hzαβ˙ = 0 , (3.24)
together with
H˜ = −
1
2
ηIˆ JˆZZ¯Y
IˆY Jˆ . (3.25)
The higher mass-dimension components are more complex
Haz
j
β = −
i
4
(σa)βα˙
(
4η11Z¯L∇¯
α˙j
L+ η11L
2
∇¯
α˙j
Z¯ − ηIJ∇¯
α˙j
(W¯IW¯J
Z¯
)
+ 2iη1I∇¯
α˙j
LW¯I + iη1IL∇¯
α˙j
W¯I
)
,
Hab
k
γ = 2(σab)γ
α
∇
k
αH˜ ,
Habz = (σab)
αβ
(1
4
η11∇αβ(ZL
2)−
1
4
η11L∇αβ(ZL)−
1
2
L2η11Fαβ −
i
8
η1I∇αβ(LW
I)
−
i
2
η1ILF
I
αβ −
1
16
ηIJ∇αβ
(WIWJ
Z
)
−
1
4
ηIJWαβ
(W¯IW¯J
Z¯
))
+ c.c. ,
Habc =
1
8
εabcd(σ
d)αα˙η11
(
ZZ¯L[∇kα, ∇¯α˙k]L+ 2∇
k
αZ∇¯α˙kZ¯L
2 − 4ZL∇¯α˙kZ¯∇
k
αL
+ 4Z¯L∇kαZ∇¯α˙kL+ 4ZZ¯∇
k
αL∇¯α˙kL
)
−
i
2
εabcdη11
(
Z¯L2∇dZ − ZL2∇dZ¯
)
−
1
8
εabcd(σ
d)αα˙η1I
( i
4
(Z¯WI −ZW¯I)[∇kα, ∇¯α˙k]L− i∇
k
αZ∇¯α˙kLW¯
I
− i∇¯α˙kZ¯∇
k
αLW
I − i∇¯α˙k(Z¯L)∇
k
αW
I − i∇kα(ZL)∇¯α˙kW¯
I
)
+
1
4
εabcdη1I
(
L∇dZ¯WI − LZ∇dW¯I + L∇dZW¯I − LZ¯∇dWI
)
+
1
16
εabcd(σ
d)αα˙ηIJ
(
∇¯α˙kZ¯∇
k
α
(WIWJ
Z
)
−∇kαZ∇¯α˙k
(W¯IW¯J
Z¯
)
+ 2∇kαW
I
∇¯α˙kW¯
J
)
−
i
8
εabcdηIJ
(
∇
dZ¯
(WIWJ
Z
)
− Z¯∇d
(WIWJ
Z
)
+ Z∇d
(W¯IW¯J
Z¯
)
−∇dZ
(W¯IW¯J
Z¯
)
− 2WI∇dW¯J + 2∇dWIW¯J
)
. (3.26)
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The last few Bianchi identities
2∆Habγ = 2∇γHabz − 4∇[aHb]zγ − 2Tab
δHzγδ − 4Tγ[a
δ˙Hb]zδ˙
− ηIˆ JˆF
Iˆ
abF
Jˆ
zγ − ηIˆ JˆF
Iˆ
zγF
Jˆ
ab − 2ηIˆJˆF
Iˆ
z[aF
Jˆ
b]γ + 2ηIˆJˆF
Iˆ
γ[aF
Jˆ
b]z ,
2∇γHabc = 6∇[aHbc]γ + 6F[abHc]zγ + 6T[ab
δ˙Hc]γδ˙ + 6Tγ[a
δ˙Hbc]δ˙
+ 3ηIˆJˆF
Iˆ
[abF
Jˆ
c]γ − 3ηIˆ JˆF
Iˆ
γ[aF
Jˆ
bc] ,
2∆Habc = 6∇[aHbc]z + 6T[ab
γHc]zγ + 6T[ab
γ˙Hc]zγ˙ + 3ηIˆJˆF
Iˆ
[abF
Jˆ
c]z − 3ηIˆJˆF
Iˆ
z[aF
Jˆ
bc] ,
∇[aHbcd] =
3
2
T[ab
γHcd]γ +
3
2
T[ab
γ˙Hcd]γ˙ +
3
2
F[abHcd]z −
3
4
ηIˆ JˆF
Iˆ
[abF
Jˆ
cd] , (3.27)
can also be seen to be identically satisfied.
The one-form and two-form geometry discussed in this section is a main result of
this paper. Remarkably the complex component expressions of [17], described by the
constraints on L, may be recovered entirely from a simple looking superform structure
and constraints on field strengths. Moreover, the precise relationship of the constraints for
L with its form geometry is seen; the first and second constraints, (3.3) and (3.4), imply
the existence of a one-form and the addition of a third constraint (3.10) is necessary for
the two-form.
4 Gauging the central charge with a variant vector-
tensor multiplet
So far a standard vector multiplet, with the property ∆VA = 0, has been used to gauge
the central charge. There is an alternative approach first developed in flat superspace
[24, 25], which not only gauges the central charge but can be used to describe a “new”
non-linear VT multiplet, which we will refer to as the variant VT multiplet.
4.1 Gauge one-form
To gauge the central charge, we introduce a new one-form, V = EAVA, which is not
annihilated by the central charge. We use it to define the covariant derivatives
∇A := ∇A + VA∆ . (4.1)
13
Their (anti-)commutation relations are
[∇A,∇B} = TAB
C
∇C +
1
2
RAB
cdMcd +RAB
klJkl
+ iRAB(Y )Y +RAB(D)D+RAB
CKC + FAB∆ , (4.2)
where the torsion and curvature remain the same, and
F =∇V , FAB = 2∇[AVB} − TAB
CVC . (4.3)
The field strength can then be shown to satisfy the Bianchi identity
∇F = F∆V . (4.4)
As in subsection 2.2, the Bianchi identity may be written in a 5D way with the use of
calligraphic indices
∇[AFBC} − T[AB
DF|D|C} = 0 , (4.5)
where now we define
FzA := TzA
z := ∆VA , TAB
z := FAB , TzA
B = 0 , ∇z := ∆ . (4.6)
Note that since we want the gauge potential to not be annihilated by the central charge,
FzA is non-zero. Furthermore, as a consequence the central charge does not commute
with ∇A
[∆,∇A] = FzA∆ . (4.7)
We may then impose constraints on the field strength and analyze the consequences of
the Bianchi identities. Inspired by the constraints for the vector multiplet we choose the
“natural” constraints on the field strength
F iα
j
β = 2iεαβε
ijM¯ , F α˙i
β˙
j = 2iε
α˙β˙εijM , F
i
α
β˙
j = 0 , (4.8)
where M is not annihilated by the central charge. The Bianchi identities then lead to
constraints on M
∇
(i
α∇¯
j)
α˙ ln
(M
M¯
)
= 0 ,
M¯∇ij
(M
M¯
)
+M∇¯
ij
(M¯
M
)
= 0 , (4.9)
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and the remaining components
Fz
i
α =
1
M¯
∇
i
αM¯ =∇
i
αln(M¯) , Fz
α˙
i = ∇¯
α˙
i ln(M) ,
Fa
j
β =
1
2
(σa)β
α˙M¯∇¯
j
α˙ln
(M¯
M
)
, Fa
β˙
j =
1
2
(σa)α
β˙M∇αj ln
(M
M¯
)
,
Faz =
i
8
(σa)γγ˙(∇
γk
∇¯
γ˙
k ln(M) + ∇¯
γ˙
k∇
γkln(M¯)) ,
Fab = −
i
8
(σab)
αβM¯
(
∇αβ
(M
M¯
)
− 4Wαβ
)
+ c.c. (4.10)
The components satisfy the Bianchi identities
∆Fαa = −∇aFzα −∇αFaz + Tαa
β˙Fβ˙z ,
∇γFab = −2∇[aFb]γ + Tab
βFβγ + FabFzγ + 2Tγ[a
γ˙Fγ˙b] − 2Fγ[aFb]z ,
∆Fab = −2∇[aFb]z + Tab
γFγz + Tab
γ˙Fγ˙z ,
∇[aFbc] = T[ab
γFγc] + T[ab
γ˙Fγ˙c] −F[abFc]z . (4.11)
We note that although the central charge does not commute with the gauge covariant
derivatives due to Fziα, the operator M¯∆ commutes with ∇
i
α,
[M¯∆,∇iα] = 0 . (4.12)
The superfield M contains too many degrees of freedom. In order to describe a theory
of multiplets with 8 + 8 degrees of freedom (like the VT multiplet) we must fix some of
them. From now on we constrain the theory by making the choice9
M¯ = Z¯eiL . (4.13)
In the rigid supersymmetric limit with Z = 1 this corresponds to the choice made in [25].
However it does not completely determine the multiplet and additional constraints will be
imposed with the use of the one-form and a two-form geometry. So far the components
of F are
Fz
i
α = i∇
i
αL , Fz
α˙
i = −i∇¯
α˙
i L ,
Fa
j
β =
1
2
e−iL(σa)β
α˙
∇¯
j
α˙(Z¯e
2iL) , Fa
β˙
j =
1
2
eiL(σa)α
β˙
∇
α
j (Ze
−2iL) ,
Faz =
1
8
(σa)γγ˙[∇
γk, ∇¯
γ˙
k]L ,
Fab = −
i
8
(σab)
αβeiL(∇αβ(Ze
−2iL)− 4WαβZ¯) + c.c. , (4.14)
9We note that the transformation M → RM for R an arbitrary real superfield preserves the form of
the constraints (4.9). However, the one-form and its field strength undergoes non-trivial deformations.
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where the superfield L is constrained by
∇
(i
α∇¯
j)
α˙L = 0 , (4.15)
eiL∇ij(Ze−2iL) + e−iL∇¯
ij
(Z¯e2iL) = 0 . (4.16)
The last few Bianchi identities may be shown to be identically satisfied with the help of
the identities
∇
i
α∇
k
β∇¯β˙kL = 4iεαβZ¯e
iL∆∇¯
i
β˙L− 4εαβW¯α˙β˙∇¯
α˙i
L ,
∇
k
γ
(
e−iL∇¯α˙β˙(Z¯e
2iL)
)
= −e−iL∇¯α˙β˙(Z¯e
2iL)Fz
k
γ − 4i∇γ(α˙
(
e−iL∇¯
k
β˙)(Z¯e
2iL)
)
− ie−iL∇¯
k
(α˙(Z¯e
2iL)[∇lγ, ∇¯β˙)l]L ,
∇
k
γ
(
eiL∇αβ(Ze
−2iL)
)
= eiL∇αβ(Ze
−2iL)Fz
k
γ − 4iεγ(α∇β)α˙
(
e−iL∇¯
α˙k
(Z¯e2iL)
)
+ ie−iLεγ(α[∇
j
β), ∇¯α˙j ]L∇¯
α˙k
(Z¯e2iL) ,
∆Fαβ =− i∆LFαβ −
1
2
e−iL∇k(αZ∆∇β)kL−
1
4
Ze−iL∆∇αβL
+ iZe−iL∆∇k(αL∇β)kL− e
iLWαβZ¯∆L . (4.17)
An interesting observation, discussed in subsection 3.1, was that the second constraint
(3.4) can be motivated from the first constraint (3.3) by a consistency requirement. One
would expect a similar situation for the variant VT multiplet. Starting with the condition
that L is independent of the harmonics
∇
−−L = 0 , (4.18)
we apply successive gauged covariant derivatives. Their (anti-)commutation relations lead
to the consistency requirement
0 =∇α+∇+α∇¯
+
α˙∇¯
α˙+
∇
−−L
=∇−−∇α+∇+α∇¯
+
α˙∇¯
α˙+
L+ 8i∇αα˙∇+α∇¯
+
α˙L
− 2∇α−∇+α∇¯
+
α˙∇¯
α˙+
L− 2∇¯
−
α˙∇¯
α˙+
∇
α+
∇
+
αL
+ 2∆
(
eiL(∇+)2(Ze−2iL) + e−iL(∇¯
+
)2(Z¯e2iL)
)
− 2i∆L
(
eiL(∇+)2(Ze−2iL) + e−iL(∇¯
+
)2(Z¯e2iL)
)
, (4.19)
which is clearly satisfied by the second constraint in (4.16). In the above we have made
use of the following identity:
∇
i
α∇
j
β =
1
2
(εαβ∇
ij − εij∇αβ) + iε
ijεαβZ¯e
iL∆+ εijεαβW¯γ˙δ˙M¯
γ˙δ˙
−
1
4
εijεαβ∇¯γ˙kW¯
γ˙δ˙S¯k
δ˙
−
1
4
εijεαβ∇γδ˙W¯
δ˙
γ˙K
γγ˙ . (4.20)
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The constraints imposed still do not define an irreducible multiplet, and an additional
constraint is required. This issue will be addressed in the next subsection.
4.2 Gauge two-form
Building on the insight gained from the standard VT multiplet we will impose an
additional constraint with the use of a gauge two-form. We introduce the three-form field
strength for the variant VT multiplet
H =∇B −
1
2
ηIˆ JˆV
IˆdV Jˆ , (4.21)
where B is the gauge two-form and F Iˆ = (F, F I) is a set of vector field strengths with
corresponding gauge one-forms V Iˆ = (V, V I).10 The three-form field strength H then
satisfies the Bianchi identity
∇[AHBCD} −
3
2
T[AB
EH|E|CD} +
3
4
ηIˆ JˆF
Iˆ
[ABF
Jˆ
CD} = 0 . (4.22)
Note that due to the Bianchi identities satisfied by FAB = TAB
z, introducing terms like
FF or FF on the right hand side of (4.22) (and their corresponding terms in (4.21)) only
shifts the HzAB components and does not impose additional constraints. We now impose
similar constraints to that for the standard VT multiplet
Hαβγ = Hα˙β˙γ˙ = Hαβγ˙ = Hαβ˙γ˙ = 0 ,
Haβγ = Haβ˙γ˙ = 0 , Ha
j
β
γ˙
k = −2iδ
j
k(σa)β
γ˙H˜ , (4.23)
where H˜ is only required to be a real superfield. The Bianchi identities then lead to the
additional constraint
e−iL∇ij(ZKe2iL) + eiL∇¯
ij
(Z¯K¯e−2iL) = 0 , K ≡ η11 + η1I
WI
Z
+ ηIJ
WIWJ
Z2
, (4.24)
and constrain the lower mass-dimension components to be
Hz
i
α
j
β = −iεαβε
ijZ¯K¯e−iL , Hz
α˙
i
β˙
j = −iε
α˙β˙εijZKe
iL ,
Hzαβ˙ = 0 , Ha
j
β
γ˙
k = −2iδ
j
k(σa)β
γ˙H˜ , (4.25)
where
H˜ =−
1
8
ZZ¯
(
2η11(cos(2L) + 1) + η1I(1 + e
2iL)
WI
Z
+ η1I(1 + e
−2iL)
W¯I
Z¯
+ ηIJ(e
2iLW
IWJ
Z2
+ e−2iL
W¯IW¯J
Z¯2
+ 2
WIW¯J
ZZ¯
)
)
. (4.26)
10Here the field strength F and its gauge potential V corresponds to the vector field Z.
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The higher mass-dimension components are then found to be
Haz
k
γ =
1
4
(σa)γ
α˙eiL∇¯
k
α˙(Z¯K¯e
−2iL) , Haz
γ˙
k =
1
4
(σa)α
γ˙e−iL∇αk (ZKe
2iL) ,
Hab
k
γ = 2(σab)γ
α
∇
k
αH˜ , Hab
γ˙
k = 2(σ˜ab)
γ˙
α˙∇¯
α˙
k H˜ ,
Habz =
i
16
(σab)
αβe−iL(∇αβ(ZKe
2iL) + 4WαβZ¯K¯) + c.c. ,
Habc =
1
16
εabcd(σ
d)αα˙
( i
2
ZZ¯(Ke2iL − K¯e−2iL)[∇kα, ∇¯α˙k]L+ 2η11∇
k
αZ∇¯α˙kZ¯
+ η1I∇
k
αW
I
∇¯α˙kZ¯ + η1I∇
k
αZ∇¯α˙kW¯
I + 2ηIJ∇
k
αW
I
∇¯α˙kW¯
J
− e2iL∇¯α˙kZ¯∇
k
α(ZK)− 2iZKe
2iL
∇¯α˙kZ¯∇
k
αL− 2iZ¯e
2iL
∇¯α˙kL∇
k
α(ZK)
− 4ZZ¯(Ke2iL + K¯e−2iL)∇kαL∇¯α˙kL+ e
−2iL
∇
k
αZ∇¯α˙k(Z¯K¯)
− 2ie−2iLZ¯K¯∇kαZ∇¯α˙kL− 2iZe
−2iL
∇
k
αL∇¯α˙k(Z¯K¯)
)
+
i
8
εabcd
(
2η11Z¯∇
dZ − 2η11Z∇
dZ¯ − η1IW
I
∇
dZ¯ + η1IZ¯∇
dWI
− η1IZ∇
dW¯I + η1IW¯
I
∇
dZ − 2ηIJW
I
∇
dW¯J + 2ηIJW¯
I
∇
dWJ
+ ZK∇dZ¯e2iL − Z¯∇d(ZK)e2iL + Z∇d(Z¯K¯)e−2iL − Z¯K¯∇dZe−2iL
)
. (4.27)
The last few Bianchi identities
∆Habγ =∇δHabz − 2∇[aHb]zγ − Tab
δHzγδ − 2Tγ[a
δ˙Hb]zδ˙
+ FazHbzγ + FbzHazγ + FzγHabz ,
2∇γHabc = 6∇[aHbc]γ + 6F[abHc]zγ + 6T[ab
δHc]γδ + 6T[ab
δ˙Hc]γδ˙ + 6Tγ[a
δ˙Hbc]δ˙
+ 3ηIˆ JˆF
Iˆ
[abF
Jˆ
c]γ − 3ηIˆ JˆF
Iˆ
γ[aF
Jˆ
bc] ,
∆Habc = 3∇[aHbc]z + 3T[ab
γHc]zγ + 3T[ab
γ˙Hc]zγ˙ − 3Fz[aHbc]z ,
∇[aHbcd] =
3
2
T[ab
γHcd]γ +
3
2
T[ab
γ˙Hcd]γ˙ +
3
2
F[abHcd]z −
3
4
ηIˆ JˆF
Iˆ
[abF
Jˆ
cd] . (4.28)
can be shown to be identically satisfied.
This completes our construction of the variant VT multiplet and its Chern-Simons
couplings to vector multiplets in N = 2 supergravity.
5 Discussion
In this paper, we have obtained several results. Firstly, we have constructed a su-
perform formulation for the general VT multiplet system given in [17] (and later lifted
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to superspace [18]). A remarkable feature of this formulation is that the constraints of
[18] were shown to be reproduced from a rather simple looking superform structure and
constraints on field strengths. Furthermore the first two constraints of [18], equations
(3.3) and (3.4), were shown to follow from the one-form geometry with the additional
constraint (3.10) being related to the existence of the two-form coupled to the one-form
with the use of Chern-Simons couplings. These results highlight the geometric origin of
the complex expressions in [17].
Our second main result is the new procedure to gauge the central charge in conformal
supergravity – namely, by making use of a variant VT multiplet, which has as its basic
property a gauge potential with nontrivial action under the central charge. Its one-form
geometry generalizes that of the vector multiplet. An additional constraint following from
a two-form formulation is used to constrain the number of component fields to that of a
VT multiplet. The constraints can be written in a neat form and include the presence of
Chern-Simons type couplings to vector multiplets. Furthermore, the variant VT multiplet
in the rigid supersymmetric limit and with η1I = ηIJ = 0 reduces to the results found
in [24, 25].11 Moreover it is conceivable that the new procedure of gauging the central
charge will lead to new couplings of multiplets to supergravity.12
One of the advantages of the superform formulation is that the component one-form
and two-form are built into the theory ab initio. It follows that the supersymmetry
transformations close on the component fields, which appear in the component projection
of the superforms. Making use of the component reduction methods of [18] one can then
reproduce the component results of [17] straightforwardly via component reduction. As a
result the superform formulation proves to be a powerful tool in describing multiplets in
supergravity.
In order to describe the dynamics of the variant VT multiplet we require an action.
The action for the VT multiplet of [17] may be constructed with the use of a composite
linear multiplet13, worked out in terms of superfields in [6, 18]. For the case of the
variant VT multiplet, it is already known that in the flat case the linear multiplet must
be modified [25]. Motivated by the flat case, one expects that in supergravity we need a
real isospinor superfield, Lij, satisfying a modified constraint
∇
(i
α(e
iLLjk)) = 0 . (5.1)
The reason for this modification will be discussed in [30].
11The constraints of [25] differ by a constant shift in L.
12This issue will be further discussed in [30].
13It is known how to do this in the case of harmonic superspace [29].
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In order to obtain the action corresponding to the variant VT multiplet we need to
find a composite Lij built from the basic superfields. Considering the constraints we can
immediately write down a candidate for the Lagrangian
Lij =
i
4
e−iL∇ij(ZKe2iL) = −
i
4
eiL∇¯
ij
(Z¯K¯e−2iL) . (5.2)
However in the flat case (and with η1I = ηIJ = 0) this can be shown to correspond to the
total derivative Lagrangian in [25]. It was noted in [25] that the Lagrangian found from
considering an ansatz possessed a particular symmetry. This is to be expected since the
constraints remain invariant under the shift L→ L + 2pi and so we expect the action to
also possess such a symmetry. Thus a shift by 2pi can only shift the Lagrangian by a total
derivative.14 This leads one to consider a candidate for the Lagrangian of the form
Lij =
i
2
e−iL∇ij(ZKLe2iL) + · · ·+ c.c. , (5.3)
where · · · represents terms that are invariant under the shift. Then one can show that
the ‘linearity’ condition (5.1) fixes the remaining terms
Lij =
i
2
e−iL∇ij(ZKLe2iL)− e−iLZ¯K¯∇¯
i
L∇¯
j
L−
1
4
e−iL∇¯
ij
(Z¯K¯) + c.c. (5.4)
This Lagrangian is a new result and corresponds to the variant VT multiplet with Chern-
Simons type couplings in supergravity, reducing in the flat case (and with η1I = ηIJ = 0)
to the result found in [25]. The corresponding action principle will be discussed in a
separate paper [30].
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A Conformal superspace
This appendix contains a brief summary of conformal superspace of [20].15 Consider a
curved 4D N = 2 superspaceM4|8 parametrized by local bosonic (x) and fermionic (θ, θ¯)
coordinates zM = (xm, θµı , θ¯
ı
µ˙), where m = 0, 1, · · · , 3, µ = 1, 2, µ˙ = 1, 2 and ı = 1, 2.
14The analogous case for the standard VT multiplet was briefly discussed in subsection 3.1.
15The conventions here differ; see however [18].
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The Grassmann variables θµı and θ¯
ı
µ˙ are related to each other by complex conjugation:
θµı = θ¯µ˙ı. The structure group is chosen to be SU(2, 2|2) and the covariant derivatives
∇A = (∇a,∇iα, ∇¯
α˙
i ) have the form
∇A = EA +
1
2
ΩA
abMab + ΦA
ijJij + iΦAY +BAD+ FA
BKB
= EA + ΩA
βγMβγ + Ω¯A
β˙γ˙M¯β˙γ˙ + ΦA
ijJij + iΦAY +BAD+ FA
BKB . (A.1)
Here EA = EA
M(z)∂M is the supervielbein, with ∂M = ∂/∂z
M , Jkl = Jlk are generators
of the group SU(2)R, Mab are the Lorentz generators, Y is the generator of the chiral
rotation group U(1)R, and K
A = (Ka, Sαi , S¯
i
α˙) are the special superconformal generators.
The one-forms ΩA
bc, ΦA
kl, ΦA, BA and FA
B are the corresponding connections.
The generators act on the covariant derivatives as
[Mab,∇c] = 2ηc[a∇b] , [Mab,∇
i
α] = (σab)α
β∇iβ , [Mab, ∇¯
α˙
i ] = (σ˜ab)
α˙
β˙∇¯
β˙
i ,
[Jij ,∇
k
α] = −δ
k
(i∇αj) , [Jij , ∇¯
α˙
k ] = −εk(i∇¯
α˙
j) ,
[Y,∇iα] = ∇
i
α , [Y, ∇¯
α˙
i ] = −∇¯
α˙
i ,
[D,∇a] = ∇a , [D,∇
i
α] =
1
2
∇iα , [D, ∇¯
α˙
i ] =
1
2
∇¯α˙i . (A.2)
Finally, the algebra of KA with ∇B is given by
[Ka,∇b] = 2δ
a
bD+ 2M
a
b ,
{Sαi ,∇
j
β} = 2δ
j
i δ
α
βD− 4δ
j
iM
α
β − δ
j
i δ
α
βY + 4δ
α
βJi
j ,
{S¯iα˙, ∇¯
β˙
j } = 2δ
i
jδ
β˙
α˙D+ 4δ
i
jM¯α˙
β˙ + δijδ
β˙
α˙Y − 4δ
β˙
α˙J
i
j ,
[Ka,∇jβ] = −i(σ
a)β
β˙S¯j
β˙
, [Ka, ∇¯β˙j ] = −i(σ
a)β˙βS
β
j ,
[Sαi ,∇b] = i(σb)
α
β˙∇¯
β˙
i , [S¯
i
α˙,∇b] = i(σb)α˙
β∇iβ , (A.3)
where all other (anti-)commutations vanish.
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The covariant derivatives obey the (anti-)commutation relations:
{∇iα,∇
j
β} = 2ε
ijεαβW¯γ˙δ˙M¯
γ˙δ˙ +
1
2
εijεαβ∇¯γ˙kW¯
γ˙δ˙S¯k
δ˙
−
1
2
εijεαβ∇γδ˙W¯
δ˙
γ˙K
γγ˙ , (A.4a)
{∇¯α˙i , ∇¯
β˙
j } = −2εijε
α˙β˙W γδMγδ +
1
2
εijε
α˙β˙∇γkWγδS
δ
k −
1
2
εijε
α˙β˙∇γγ˙Wγ
δKδγ˙ , (A.4b)
{∇iα, ∇¯
β˙
j } = −2iδ
i
j∇α
β˙ , (A.4c)
[∇αα˙,∇
i
β] = −iεαβW¯α˙β˙∇¯
β˙i −
i
2
εαβ∇¯
β˙iW¯α˙β˙D−
i
4
εαβ∇¯
β˙iW¯α˙β˙Y + iεαβ∇¯
β˙
j W¯α˙β˙J
ij
− iεαβ∇¯
i
β˙
W¯γ˙α˙M¯
β˙γ˙ −
i
4
εαβ∇¯
i
α˙∇¯
β˙
kW¯β˙γ˙S¯
γ˙k +
1
2
εαβ∇
γβ˙W¯α˙β˙S
i
γ
+
i
4
εαβ∇¯
i
α˙∇
γ
γ˙W¯
γ˙β˙Kγβ˙ , (A.4d)
[∇αα˙, ∇¯
β˙
i ] = iδ
β˙
α˙Wαβ∇
β
i +
i
2
δβ˙α˙∇
β
iWαβD−
i
4
δβ˙α˙∇
β
iWαβY + iδ
β˙
α˙∇
βjWαβJij
+ iδβ˙α˙∇
β
iW
γ
αMβγ +
i
4
δβ˙α˙∇αi∇
βjWβ
γSγj −
1
2
δβ˙α˙∇
β
γ˙WαβS¯
γ˙
i
+
i
4
δβ˙α˙∇αi∇
γ
γ˙WβγK
βγ˙ . (A.4e)
The complex superfield Wαβ = Wβα and its complex conjugate W¯α˙β˙ := Wαβ are super-
conformally primary, KAWαβ = 0, and obey the additional constraints
∇¯α˙i Wβγ = 0 , ∇αβW
αβ = ∇¯α˙β˙W¯α˙β˙ , (A.5)
where
∇αβ := ∇
k
(α∇β)k , ∇¯
α˙β˙ := ∇(α˙k ∇
β˙)k . (A.6)
As an easy lookup a list of the non-vanishing torsion components is given below:
T iα
β˙
j
a = −2iδij(σ
a)α
β˙ ,
Ta
j
β
k
γ˙ = −
i
2
εjk(σa)β
β˙W¯β˙γ˙ , Ta
β˙
j
γ
k = −
i
2
εjk(σa)β
β˙W βγ ,
Tab
γ
k =
1
4
(σab)
αβ∇γkWαβ , Tab
k
γ˙ =
1
4
(σ˜ab)
α˙β˙∇¯kγ˙W¯α˙β˙ . (A.7)
B A note on solving Bianchi identities
When solving Bianchi identities for a superform one imposes constraints and solves
the components in terms of superfields. Once all the components are found the remaining
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Bianchi identities remain as consistency checks. However it can be seen that beyond a
certain point the remaining Bianchi identities are identically satisfied.16 To see this we
start with a p-form, H , with a gauge potential B
H =∇B . (B.1)
This superform then satisfies the Bianchi identity
∇[A1HA2···Ap+1} −
p
2
T[A1A2
EH|E|A3···Ap+1} = 0 , (B.2)
where we adopt the 5D notation discussed in the the paper and we allow for the possibility
that the central charge may be gauged with a vector multiplet or a variant VT multiplet.
Denoting
IA1···Ap+1 :=∇[A1HA2···Ap+1} −
p
2
T[A1A2
CH|C|A3···Ap+1} , (B.3)
we want to check that I = 0. Its Bianchi identity can be rewritten as
∇[A1IA2···Ap+2} −
p+ 1
2
T[A1A2
CI|C|A3···Ap+2} = 0 . (B.4)
Suppose now that all Bianchi identities for H are satisfied except for those corresponding
to
Ia1···ap−1zα , Ia1···apα , Ia1···apz , Ia1···ap+1 , (B.5)
i.e. all lower mass-dimension components of I vanish. Then setting A1 = a1 , · · · ,Ap−2 =
ap−2 ,Ap−1 = z ,Ap = α ,Ap+1 = β˙ ,Ap+2 = γ in equation (B.4) gives
T(αβ˙
bIγ)ba1···ap−2z = 0 , (B.6)
which due to the form of the torsion gives
Ia1···ap−1zα = 0 . (B.7)
Similarly setting A1 = a1 , · · · ,Ap−1 = ap−1 ,Ap = α ,Ap+1 = β˙ ,Ap+2 = γ leads to
Ia1···apα = 0 . (B.8)
Setting A1 = a1 , · · · ,Ap−1 = ap−1 ,Ap = z ,Ap+1 = α ,Ap+2 = β˙ gives
Ia1···apz = 0 . (B.9)
We can similarly deduce
Ia1···ap+1 = 0 . (B.10)
Thus it follows that the remaining Bianchi identities are identically satisfied. A general-
ization to the Bianchi identities of the two-form geometry for both the VT multiplet and
the variant VT multiplet discussed in the paper is straightforward.
16I am grateful to Daniel Butter for pointing out this procedure, which is similar to that used in
supergravity (e.g. Dragon’s Theorem).
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C A 5D interpretation
The observation in subsection 2.2 suggests that it is natural to think of the central
charge as an additional covariant derivative. In flat central charge superspace, Ref. [10,
11, 13] showed that the central charge may be thought of as a derivative with respect to
an additional bosonic coordinate, z, and thus we may interpret the central charge as a
transformation along z. The generalization to supergravity was discussed in [21], where
it was used to describe a particular VT multiplet. Here we discuss a similar construction
for the case of a real central charge.
In addition to the superspace coordinates, zM = (xm, θµi , θ¯
i
µ˙) we have a real bosonic
coordinate, z,
z
M = (xm, θµi , θ¯
i
µ˙, z) . (C.1)
We can then introduce a supervielbein,
EA = EA
M∂M , ∂M =
∂
∂zM
, (C.2)
where EA
M is the usual vierbein and Ez is added for the sector corresponding to the
central charge. We then introduce the covariant derivatives
∇A = EA + ΦA , (C.3)
where the connection ΦA takes values in the structure group of the superconformal for-
mulation of [18]. The connection ΦA may also in principle contain phase transformations
in the central charge sector [31], however we will assume this is not the case. The super-
gravity transformations are then generated by local transformations of the form
δKˆ∇A = [Kˆ,∇A] ,
Kˆ = KC(z)∇C +
1
2
Kcd(z)Mcd +K
kl(z)Jkl + iKY Y +KDD+K
AKA , (C.4)
where the parameters satisfy the usual reality conditions.
The covariant derivative algebra is of the form
[∇A,∇B} = TAB
C
∇C +
1
2
RAB
cdMcd +RAB
klJkl
+ iRAB(Y )Y +RAB(D)D+RAB
CKC . (C.5)
Now we define a gauge one-form, V = EAVA, with transformation law
δVA = KˆVA +∇AΓ , (C.6)
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where Γ is the gauge parameter associated with V. Its two-form field strength, F =
1
2
EBEAFAB, is
F := dˆV , (C.7)
where dˆ is the 5D exterior derivative
dˆ = dˆzM∂M . (C.8)
We may introduce a gauge two-form, B = 1
2
EBEABAB, with the transformation law
δKˆBAB = KˆBAB + ηΓFAB + 2∇[AΛB} − TAB
CΛC , (C.9)
where Λ generates the gauge transformation of B. Its three-form field strength, H , is
H := dˆB − ηVF , (C.10)
The Bianchi identities are then
dˆF = 0 , ∇[AFBC} − T[AB
DF|D|C} = 0 ,
dˆH = −
1
2
ηFF , ∇[AHBCD} −
3
2
T[AB
EH|E|CD} +
3
4
ηF[ABFCD} = 0 . (C.11)
The component expressions for the Bianchi identities above are formally the same
as those derived in the paper under particular identifications. However, the superspace
structure contains too many component fields and must be constrained via a choice of
constraints. A choice of constraints may be motivated by the structure of 4D curved
superspace with gauged central charge (for the vector and variant VT cases). We will
leave the analysis of the constrained geometry for a discussion elsewhere.
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